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Abstract—Data mining is a process of
extracting potentially and previously unknown
information technique which have been
applied to study the real-life research
increasingly. Many techniques have been
developed to extract decision rules from an
incomplete information system. A key factor
among them is to use different methods to
manage the missing data (unknown values).In
this paper, we propose a mathematic method
based on the Binomial Distribution to calculate
the plausibility and probability of possible
rules from original incomplete information
systems, especially for diagnosis database.

Keywords: Data Mining, Rough sets, Decision
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1. INTRODUCTION

It is noted that due to the typically huge size of
today’s information systems, real-world data tend
to be incomplete due to missing some values.
Hence, discover knowledge from incomplete
information systems has received more and more
attention in recent years.

The rough sets theory, proposed by Pawlak [1],
provides a natural method to cope with
incomplete or inconsistent information which has
been the mainly impediment to the classification
and rule induction of objects [2, 3]. By using the
concept of lower and upper approximation of
rough set theory, knowledge invisible in
information systems may be disclosed and
expressed in the form of decision rules via an
objective knowledge induction process for
decision making. Various approaches have been
proposed to induce decision rules from data sets
taking the form of complete decision systems [4-
11] Whereas, due to the abundant existence of
incomplete information systems in real life, many
applications developed extensions of Pawlak’s
rough set model to extract decision rules from an
incomplete information system [12-18].A key

factor among them is using different methods to
manage the missing data (unknown values) . The
simplest is removing the objects with unknown
values [19]. More complex approaches which
provide tactics to deal with null values in terms of
statistics are proposed in [20-23]. For example,
the techniques proposed in [23] predict the
unknown values of an attribute on the basis of
values of other attributes of an object and relevant
class information. Another method deals with
null values in the source system by replacing a set
of assumed objects in the intention system. In
truth, the converted complete system is the simple
combination of all completions of the source
system. All these methods all try to transform an
incomplete system into a complete system by
smoothing or extending the data.

Other groups of techniques deal with the
incomplete systems without changing the size of
the data sets or making assumption of the missing
values [24, 25]. For example, Deng et al. [26],
Hong et al. [27, 28], Jensen and Shen [29] and
Wang et al. [30], used rough set models to handle
fuzzy and quantitative data. These methods
intend to induce every certain rule directly from
the original data sets.

Like the second group, our approach uses a
rule generation algorithm to induce all certain
rules and possible rules from the original
incomplete data. In this paper, we propose a
mathematic method based on the Binomial
Distribution to calculate the plausibility and
probability of possible rules from original
incomplete information systems.

2. BACKGROUND AND DEFINITIONS

2.1. Rough sets theory preliminary (R.S.T)

The rough sets theory provides a natural
method to deal with incomplete or inconsistent
information which has been the mainly obstacle
to the classification and rule induction of objects.
In this section we recall some basic notation of
R.S.T that related to our research, and we assume



that reader is familiar with basic principle of
R.S.T. For more detail introduction of R.S.T, see
references [1, 31].

Incomplete information systems
An incomplete information system IS with
two-tuple can be seen as a system: IS = (U, A ),

is the set of attributes (features,
Each

attribute a € A defines an information function

f_a:U—>V

a °

where A
variables) containing unknown values.

where V_ is the set of values of a

including unknown values (M), called the domain
of attribute a. A decision table is any information

system with a decision attribute d: I =(U, A U
d).
Example.l Transfer the incomplete medical
diagnosis data (tablel) into rough sets decision
table.

Using the terminology of the rough sets theory
this data set can be considered as follows:

U= {X(), X1, X2, X3, X4, X5, X6 ,. ....)Cg}

A =(F, F, F3}
d =(Temperature, Dry-cough , Headache)

TABLE 1
MEDICAL DIAGNOSIS DATA
Row Attributes Decision
no Temperat Dry- Headache | Influenz
ure cough a
0 Missing Absent Absent Absent
1 Normal Absent Present Absent
2 Subfebrile | Absent Present Present
3 Subfebrile | Missing Absent Absent
4 Subfebrile | Present Absent Present
5 High Absent Missing Absent
6 High Present Absent Absent
7 High Present Absent Present
8 High Present Present Present
9 High Present Present Present
TABLE 2
DECISION TABLE
Obj F1 F2 F3 F4

Xo M 0 0 0

X 0 0 1 0

X, 1 0 1 1

X;3 1 M 0 0

X4 1 1 0 0

Xs 2 0 M 0

X6 2 1 0 0

X7 2 1 0 1

X 2 1 1 1

Xo 2 1 1 1

The domains of the particular attributes are:

V_1 ={0,1,2,M}, O=normal, I= Subfebrile,

2=high, M=missing.
‘72 ={0,1,M}, O=absent, 1=present, M=missing.

\73 ={0,1,M}, O=absent, I=present, M=missing.

V, ={0,1}, O=absent, 1=present.

i.e., the domain of each attribute is the set of
values of this attribute. The decision table for this
system is presented in Table 2.

2.2. Reduct generation

In R.S.T based applications for classification
and rule induction, the knowledge induction from
reducts is the most important concept. By
definition, a reduct is defined as minimal
sufficient sets of features necessary for the
description of all features A, (Pawlak, 1991)[32].
Nevertheless, a rule reduct, r-reduct, is a subset of
features that can define all basic concepts for
each object. In other words, a r-reduct is utilizing
part of input features to uniquely identify output
feature for each object. Furthermore, each r-
reduct represents a decision rule. Consider a
single-feature r-reduct with four input features
and one output feature:2 x x x 1, the entry ‘x’
mean that corresponding feature does not affect
the determination of the feature output, only
entry2’ does, and the decision rule can be
expressed as:

If F1=2 Then d=1

For two-feature r-reduct: 1 x 2 x 2 , only
features F, and F; affect the determination of the
output feature , and the decision rule is:

If Fi=1 A F;=2 Then d=2

Usually, there exists more than one r-reduct for
each object. However, the knowledge rule of data
not only can be inducted from lower and upper
approximation of R.S.T but also can be directly
analysed from all r-reducts.

3. PROBABILITY ANALYSIS FOR
POSSIBLE RULES

If we determine all the certain rules of tablel
using data mining tools, the result will come out
as following:



one feature r-reduct:

F1 | F2 F3 d | Obj
0 Nan Nan 0 2
two feature r-reduct:
Fl F2 F3 d Obj
Nan 0 0 0 1
1 1 Nan 0 3
1 Nan 0 0 3
2 0 Nan 0 5
1 Nan 1 1 7
( NaN denote “x”)

And finally the certain rules are :

Certain rules
Symbols for Influenza = absent
IF (Temperature = normal)
IF (Dry-cough = absent) and (Headache =

absent)

IF (Temperature = subfebrile) and (Dry-cough
= present)

IF (Temperature = high) and (Dry-cough =
absent)

IF (Temperature = subfebrile) and (Headache =
absent)

Symbols for Influenza = present
IF (Temperature = subfebrile) and (Dry-cough
= present)

However, in real world applications, certain
rules induced directly from incomplete
information systems may not provide enough
knowledge for enterprises or decision makers to
predict uncertain situations or provide strategies.
Hence, generating possible rules by probability
analysis can improve the expediency of rule
extraction approach for incomplete information
systems.

Let UR ={ E; E; E;....... E,} be a partition
space of universe of objects U, where E; is set of
objects in the same equivalence class defined by
R. For example, for a one-feature F;, R may be
defined as the set of all possible outcomes of F;
and E; is the set of objects having the same I
outcome of F;. Let D;={x€ Ul d(x)= d;} be the set
of all objects whose output feature are classified
as d;. A “possible” rule: “If input feature Fj; = a;

then output feature d = d;” can be associated with

a plausibility as :

#of objectsk with a,; =a; and d(k) =d;

#of objectsk with a,; =a;

lE, "D, |
or expressed as P (1)
E; |
As we know, “plausibility” indices only

calculates the frequency of the rule, which are not
“probability analysis” that allow more precise
statements of reliability and quality of those rules.
Hence, in this section, we will build a probability
function combining the plausibility and
probability of missing values to compute the
possible rules for incomplete information systems.

3.1. The Binomial Distribution

The binomial distribution is a discrete
distribution model to calculate the probability of
an experiment that has two possible outcomes for
each trial, called “success” and “failure”. Let the
probability of success and failure be B and 1-B
respectively, if the experiment consists of t
repeated trials, the binomial model computes the
probability of € successes in t trials as a random
variable X as follows:

t
P(X=0) = (J B’ (I-B)" for60=0,1,....t (2
Where
x = a random variable representing the

number of successes
t .
[QJ = the number of ways 6 objects can be

chosen from a set of ¢ objects.

. (tj 1!
1.€. =
6] 61-0)!

The binomial distribution model is appropriate
when satisfying these assumptions:

1) Binary outcome for each trial.
2) The probability B is identical for each trial.

3) Fixed experiment size, t.



4) The outcomes of t trials are all independent.

Next we will show how the binomial model
can be applied to build the probability function of
possible rules after inducing certain rules from
incomplete information systems.

When considering the plausibility of an
uncertain rule-reduct p, which include features
containing missing value M, the outcome of M;
will affect the probability of that possible rule.
For each missing M, there exist two possible
outcomes, M;; = a; (success) or M;; # a;; (failure).
Hence, we can consider the outcomes of M;; as a
binomial distribution:

P(X=0)= (;" ]B(’ (1I-B)"" for =0, 1....ip (3)

where

0 = the number of success outcomes(M;=a;;)
for possible reduct p

t, = the total number of M;;

B = the probability that M;=aj;.

Recall that for a given set of features 3, let
3, be the k" possible combination of values of
the features in 3 , and there are m possible
combinations. In case 3 consists of a single
feature F;, 3, is the k" possible combination of

F.
Then we define Ex ={ xe Ul S(x)= 3, },
k=1, ...,m

Also define D;={xe Ul d(x)= d;} where d; is
the " possible value of decision feature d.
Assume there are n possible values of d, i.e.
=1, ..., n.

Finally we define Aj as the plausibility that 3,
the kth possible combination of outcomes of
features in 3, signifies the decision variable d;.
Thus:

|E, ND, |

A,‘=
T E

k=1,...m;i=1,...,n

where | S | = number of members in the set S,
cardinality of S.
Note that

DA =2
i=1

IEkerl.IzlEjl:1
E.l 1E,|

Now suppose each possible combination of
3, has
nevertheless, we still would like to construct a

outcomes some missing values,

reduct p; using the available outcomes in 3, to

infer decision d;. There is obviously some
uncertainties associated with the accuracy of the
prediction of reduct P; due to the fact the missing
values may or may not result in conflicting
outcomes. Reducts generated in this case are
therefore not “certain” reducts, but ‘“possible”
reducts with some probability of being right. We
combine the concepts of plausibility A; above
with the binomial model of missing values
described earlier to construct the probability
associated with reducts p;;’s as follows:

Before we give a general formula for
computing the probability of a general reduct, we
consider a special simple case of reduct built on
one-feature reduct first to illustrate the ideas
involved.

One-feature reduct case:

Let 3 consists of a single feature F' who

j" possible outcome is f;.

Let p; be the one-feature reduct * For an object
x€ U, if F(x) = f, then d(x)=d;".

Let E; ={ x€ Ul F(x)= f;} and recall D;={x€ Ul
d(x)=d;}

Now for any x€ U, if Fj(x) does not exist, we
say X has a missing value under F;and we denote
the missing value by M,. Let the number of
M (under feature F)) be ¢,.

If the missing value M,; = f; and x€ D;, then the
object x supports or strengthens reduct p; We
call this case a “success”. We can assume that the
probability that M,; = f; is constant and equals B.
Let 6 be the number of missing values M,; that
are equal to fj, which is a random variable with
the binomial distribution as discussed earlier.

Now out of # missing values that can possibly

affect the accuracy of reduct p, there are L,=

t.
( é j combinations that @ of those missing

values will be equal to f;.
Let 8, c U be the ™ combination of such

combinations.
Define E,, ={ xe U | F(x) = f; }U{ x€ 6,1 M,

=ﬁ}

Clearly the first and second sets in the union on
the left hand side are exclusive. Hence:



|Ey N D,|
=‘{erIF(x)=fj}ﬁDi‘
+{xe 6,1M ;= f,} "D

=1n;+6, )

We note that given the number of missing
values assigned to f; being equal to &, the
probability that it will have combination 8, is

1/ L, since each of the L,combination is equally

likely. Thus if we define A, as the probability

that if @ of the t; missing values M,; = f;, then the
reeduct p; will predict d; correctly:

25
Ay = xp(6 16)
I,
n 2B

_‘ﬂ m+6 )1 =
7,+0 )L, 77+6’ (77+6Dl19

where

&|

7, =|xeUIFG)=1)|

Note that Znij =7, and 6= ZHM which is

independent of /. Now we also note that:

Lo
Za

Z Z( 6’ Z((77 +6)L,
Ly
Z(Zej n,+6
277 l i :1
77+9 — L, n,+6

Moreover, we can now estimate the probability
that reduct p;; will predict correctly (regardless of
how the missing values M,; turn out) as:

pldy=d, | F,(x)=f,)
- Z’A,»gp@

Note that (6) is a legitimate probability
quantity since

Z pldxy=d, 1 F,(0)=f,)
—Z ZAZBP(H)—Z(ZAm)p(H)

6=0 60 i
Lj

p(0)=1 as desired
=0

Multiple-feature reduct case

Now we consider a more general case where
the set of features that is used to form a reduct p
consists of more than one feature.

Let there be J features in 3. Recall that we
define 3, as the k" combination of possible
values of the J features in 3 . A reduct p; may,
hence be defined as: “If the features in 3 have a

combination of values 3 , for object x, then
d(x)=d;”. If there are missing values M,; for
feature jin 3 for object x in U, then reduct py is

not a “certain” rule, since the actual value of M,
can support or conflict with reduct py. The
probability that reduct p; will give an accurate
prediction can be computed as follows:

Let

B;. be the probability that missing value M,;

=fy where f; is the value of feature in 3 that is

part of the combination 3 , in reduct pj.

Normally we estimate B; as I/ V;, where V; is the
possible values of feature j.
t;: be the total number of missing values of

feature jin 3 that will affect reduct p; among all
object x€ U .

Hence there will be ¢ = Zt ; missing values
jes
for all features in 3 that will affect reduct py.

Since each missing value can either support (i.e
M,; =f; and d(x) = d;), have no effect (i,e M,; # f3
and d(x) = d;) or contradict ( i,e M,; =f; and d(x)
# d;) reduct py. there are T=2' cases to be
considered. Let g be the index of these cases,
whereg =1, ..., T.

Now for each case ¢, let

M,;, = the assignment of the missing value
M,; under case q.

0.

Jq
missing values under feature j, M,;,, is assigned f5.

the number of objects in U who



4 , = the number of objects in D; whose

missing values are assigned values in support of
reduct pjunder g, i,e

$o=N) xe D IM,, = f,}

jes

4 , = the number of objects in U whose missing

values are assigned under case g the exact same
pattern as in reduct py, i,e

gq:n {xeU |ijq =fjk}
jes

Again it is easy to see that . :Z 4 .

Also let E; = {xe U | Fi(x) = f, j€ 3 }, which
is the set of objects that have exactly the right
combination of values of features in 3 used to
form reduct pjy (but not necessarily have their
decision values equal to d;).

1, = | E¢ |, which is the number of objects in E;.

Ey = E;M D;, which is the number of objects
that completely support reduct pj.

1, =1 Ey |, which is the number of objects
in Eik-

Finally, let E,, be the set of objects whose
feature values Fj(x) and /or missing values M,;,
are assigned f;, j€ 3 under case ¢. That is:

E, = EEU{xeUl My, = fi, je 3 }=
EU([)ixe Ul My, = fi }
sd
Due to the disjoint of the two sets in the union
on the right hand side, gives this:

|Eil = |Ed+1 ((J{xe U My=fu I = 7,+¢,
&3

Thus the probability that reduct py, will predict
correctly if the associated missing values have
their values distributed according to case q is:

p([d(x)zdi | F,(x)=f;,j€ S]lcase qJ

‘E/“I‘
_ [E, AD|+[(xe D,IM = f,.je9|
‘E’«z‘

(Due to the disjoint of the two sets in the union in
the numerator)

ot
Hence A, = Tu 04 (7
77/( + ;q
Note that
Z nik + z é/iq + ;
Z A, = i i _ Un 7 _1
iq — - -
; m+<, m+¢,

as required by the property of probability
functions.

Now we can compute the probability Py that
reduct py will predict correctly under any
scenario of the missing values as:

2

Pi= pld)y=d,|F,(0=f,.je3) =

p([d(x):d,. | F,(x)=f;,j€ S]lcase qj (8)

P(case q)= ZA,»L,P( case q)
q

where P(caseq)=P(6,,,j€ )
=[1®)™a-B)"" —©)

Jjes

1
B; = prob(My, = fi) = v V; = number of

J
possible values of feature j Thus
95 179
m:EymhIwﬂjﬂ—&Y J ------- (10)
q=1 Jjes
Equation (10) is a legitimate probability
distribution since; for reduct p;

ZP"" = Z[Z{H(Bj )9,.q (1B, )tj_gw JAiq }:

|24

> (H(B,-)gm (1=B)"™

q=1 Jjes

> [H(Bj)g"'” (l—Bj)”_H’qJ ---------------- (11)
q=1 jes
Since ZAiq =1

Without lost of generality, let Q= {12 ..J.
Now for each j say j = 1, if we hold the values of
M, for all j # 1 and x € U at a particular pattern

2
(out of 27" patterns), there will be 2" possible
ways that we can assign M,;, xe U . The

. 8 -6
summation of Bj v (1- Bj)t1 " over q over all

those 2" patterns is equal to



> -5y

qe2" patterns

ofM ., ,xeU
S (1 6
Thus
Yre ¥ Iros)

qe2/*! patternsof
M., jeS, j#lxeU

Applying the same argument to j = 2, 3, ...
until j=J, we thus have:

0,,=0\ Yiq
Hence we have shown the require property for
P, be a proper probability function.
The following examples illustrate the use of
the above formula.

Example 2
Fl F2 F3 d
My, 0 0 0
0 0 1 0
11 0 0
I My 0 0
2 0 0 0
2 1 Mg 0
10 1 1
2 1 0 1
2 1 11
2 1 11

If we like to compute the probability of a two-
feature reduct p “1 0 NaN I” (If FI=1 &F2=0
then d=1) from the decision table above. The
element sets for feature 1 and 2 before
considering the possibility of missing values M,
and M, are:

E1={2}f0r F]ZO, F2:0
E2={3}f01" F1=], F2=]
E3={5}f01" F1=2, F2=0

E,={6, 8, 9, 10} for F;=2, F,=1
E5={7}f01" F1=], F2=0

D;={1, 2, 3,4, 5, 6} for d;=0.
D,={7,8, 9, 10} for d,=1.

We know that reduct p is induced from object
7€ Es and d(7) = 1€ d,. As shown in decision table,
there are two missing values, M;; and M, will affect
the probability of reduct p. Hence t=t;+1,=2 and
T=2’=4 cases. We say M;;=1 and M;=0 are
successes and B;=1/3, B,=1/2.

First we compute the probability A;, for each
case q.

Let i=2, k=5.

Case 1: MU ;t], M42¢0

Then there is no object whose missing values
are assigned f;. We get:

6,,=0, 6, =0, {, =0, {,=0and

ns=I1E51 =1{7}| =1

N,s=lEsiNDsl= | EsND,l =1{7}1 =1

From (4)

= s+ & _ 1+0 -
ns+¢, 1+0
Case2: M, 1, My =0

Then there is one object (x,) whose missing
values are assigned f;. We get:

6,,=0, 6,,=1, {22=0, ;2=1 and
Aoy = 7725"';22 _ 1+0
2=

ns+¢,  1+1
Case3: M;; =1, M, 70
Then there is one object (x;) whose missing
values are assigned fj.. We get:
6,,=1, 6,,=0, {,,=0, {,=1 and

1+0
Ay = ——
S

Case4: M;; =1, M, =0
Then there are two objects (x; and x;) whose
missing values are assigned fj.

=12

=1/2

We get:
6,,=1, 6,,=1, 4,24:0’ 4,4:2 and
+
Ay = s + ¢ _ 1+0 —1/3
ns+¢, 1+2

Therefore, from (5) we compute the probability
Pj. of reduct p:

4 2
Pys= ZlAiq(H(Bj)e-"’ (1- Bj)’f‘%J
9= J=1

()03 0-3)

+

+
N | —
X
TN
W | =
S

1 (1
+ —X| =
3 \3
=23/36=63.89%

N—

4. CONCLUSION
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